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Newton-Cotes Integration
Formulas

The Newton-Cotes formulas are the most common numerical integration schemes. They
are based on the strategy of replacing a complicated function or tabulated data with an
approximating function that is easy to integrate:

b b
I=f f(x)de/ u(x)dx (21.1)

where f,(x) = a polynomial of the form

fu@) =ap+aix + -+ a1 X" +a,x"
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THE TRAPEZOIDAL RULE

The trapezoidal rule is the first of the Newton-Cotes closed integration formulas. It corre-
sponds to the case where the polynomial in Eq. (21.1) is first-order:

b b
I=/ f(x)de/ fi(x)dx

Recall from Chap. 18 that a straight line can be represented as [Eq. (18.2)]

@) = fla)+ —/—— 1 ) f(a) —a) (21.2)

The area under this straight line is an estimate of the integral of f(x) between the limits «
and b:

b
1=f [f(a)+f(b;+f(a)(x—a)]dx

The result of the integration (see Box 21.1 for details) is

which is called the rrapezoidal rule.
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(o ingle-segment (b) Muliple-segment

FUNCTION Trep (h, f0, 1) FUNCTION Trapm (h, n, f)
Trap=h«(f0+ £1)2 sum = fy
£AD Trap NFRi=1n-1
sum = sum+ 2  f;
£
sum = sum + f,
Trapn = h 4 sum/Z
W0 Trapm
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SIMPSON’S RULES

Simpson’s 1/3 Rule

Simpson’s 1/3 rule results when a second-order interpolating polynomial is substituted
into Eq. (21.1):

b b
I=f ](x)dng frlx)dx

If a and b are designated as xp and x; and f(x) is represented by a second-order Lagrange
polynomial [Eq. (18.23)], the integral becomes

2= x)(x —x2) (x —x0)(x —x2)
I'=
/xn [(xo = x1)(xo — x2) Fl+ (x) = x0)(x) — Xz)f(xl)
(x = xp)(x — x1)
(x2 = x0)(x2 — x1)

f(Xz)] dx

h
= i'lf(-l'ﬂ) +4flx)) + flxa)]
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The Multiple-Application Simpson’s 1/3 Rule

fi=

n
The total integral can be represented as
X2 X4 Xn
l=] f(x)dx+/ f)ydx + -+ flx)dx
X x Xn-2

Substituting Simpson’s 1/3 rule for the individual integral yields

1~ Sxo) + 4/(64‘1) + flx) 190 flo) + 4f2X3) + flxq)

g popln 4f(6x,._x) + flx)

or, combining terms and using Eq. (21.17),
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21.2.3 Simpson’s 3/8 Rule

In a similar manner to the derivation of the trapezoidal and Simpson’s 1/3 rule, a third-
order Lagrange polynomial can be fit to four points and integrated:

b b
1=/ f(x)dxzf f3(x)dx

to yield
3
Fis -s—lf(xo) +3f(x1) + 3 f(x2) + f(x3)]

where i = (b — a)/3. This equation is called Simpson’s 3 /8 rule because h is multiplied by
3/8. It is the third Newton-Cotes closed integration formula. The 3/8 rule can also be ex-
pressed in the form of Eq. (21.5):

(21.20)
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